In this paper, we consider a class of stochastic Cahn-Hilliard partial differential equations driven by Lévy spacetime white noises with Neumann boundary conditions. By a dedicate construction we prove that a (unique) local solution exists for the SPDE under some mild assumptions on the coefficients.
Introduction
The (deterministic) Cahn-Hilliard equation ∂u ∂t + ακ∆ 2 u = κ∆f (u), α,κ > 0, describes some important qualitative features of two-phase systems, in particular, the spinodal decomposition, i.e. a rapid separation of phases when the material is cooled down sufficiently. Currently this equation has become a very important subject in material science, and there have been quite extensive studies on this equation in the literature (see e.g. Da Prato & Debussche [5] and references therein).
In this paper, we are interested in the following stochastic version of CahnHilliard partial differential equation ( . From the physical point of view, the term f (·): R → R is the derivative of some free energỹ F . Generally,F has a logarithmic term, which makes the study of the equation difficult. A simple case usually involvesF to be approximated by a polynomial of even degrees with a strictly positive dominant coefficient. On the other hand, F is assumed to be a noise term. Typically,Ḟ =Ẇ (Gaussian spacetime white noise). In this case, Eq. (1.1) has been studied by several authors (see e.g. CardonWeber [3] and Da Prato & Debussche [5] ). Therein under Lipschitzian coefficients assumptions, the existence and uniqueness of continuous (global) solution were verified for the equation. Here we study the stochastic Cahn-Hilliard partial differential equation with Lévy noises. It is worthy mentioning that some works in the literatures motivated our present study. In Albeverio et al. [1] , the authors got a unique global solution via Picard-iteration for SPDEs driven by compensated Poisson noise with Lipschitzian coefficients. In Mueller [11] , a minimal shorttime solution was obtained for the stochastic heat equation driven by non-negative Lévy α ∈ (0, 1)-stable noise with coefficients of polynomial growth. Following the Picard-iteration argument, Röckner & Zhang [13] obtained a unique global solution for stochastic evolution equations with jumps, under Lipschitzian coefficients assumptions on some Hilbert space. Truman & Wu [14] proved the existence of a unique local solution for the stochastic Burgers equation with Lévy spacetime white noise in the L 2 sense. The key technique among the approach is the application of the so-called Contraction Mapping Theorem in Banach spaces, which was first adopted by Gyöngy [7] and Gyöngy & Nualart [8] . This idea stimulated us to construct a local solution for the stochastic Cahn-Hilliard partial differential equation with Lévy spacetime noise. In our setting below, the difficulty is that Burkhölder inequality for RCLL local martingales (see e.g. Protter [12] ) could not be directly applied to Cahn-Hilliard SPDE with Lévy spacetime noise to get a contraction map in L q (q > 2) sense (see [3] ). Fortunately, thanks to a generalized B-D-G inequality, which was proved in Knoche [10] , we might proceed to a contraction mapping but with additional assumptions on jump components of the noise term. In this paper, we aim to construct a local solution for the SPDE. However, the existence of a global solution to the SPDE driven by Lévy noise with polynomial growth coefficients is unsolved, and it seems to be a challenging problem.
The rest of this paper is organized as follows: In Sec. 2, we introduce some preliminary results including the definition of Lévy spacetime white noise and a generalized B-D-G inequality of Knoche [10] . Our main result is stated in Sec. 3 and its proof is presented in the same section.
Preliminaries
In this section, we introduce Lévy spacetime white noises and the stochastic integrations with respect to them (see e.g. Albeverio et al. [1] and Truman & Wu [14] for more details).
Let (Ω, F ,{F t } t≥0 , P ) be a filtered probability space with filtration {F t } t≥0 satisfying the usual conditions and (E i , E i , µ i ) (i = 1, 2) be two σ-finite measurable spaces. We call N :
In particular, when (
, we define the compensated random martingale measure [12] for definitions). Then
It is well known that a Lévy spacetime white noise has the following structurė [14] ). We quote the following Burkholder-Davis-Gundy inequality from Knoche [10] (see Theorem 4.1 of Chap. 4 therein).
Denote by X the integral process
Then for any T > 0 and q ≥ 2, there exists a constant C(q, T ) > 0 such that
Next we will give some analysis on the Green function G of the operator 
which might be written as
The eigenvalues corresponding to these eigenvectors are given by
Thus we have an expression for the Green function G:
On the other hand, the following estimates are useful (see Cardon-Weber [3] for details).
a See Remark 3.1.
Lemma 2.1. There exist
and
We now turn to Eq. (1.1). We say that u is a solution of (1.1) in a weak sense (as in Walsh [15] ), if for all φ ∈ C 4 (D) with 14) or equivalently,
At the present time, we are not able to prove the existence of a global solution for (2.15). So we switch to the study of the so-called local solutions, under some mild assumptions. For this purpose, we first define the concept of local solution. 
is a solution of (2.15). Let τ = lim n→∞ τ n , and define
We call it a local solution. In the following section, we shall show that such a local solution for Eq. (2.15) indeed exists and is unique.
Main Theorems and Proofs
We will consider Eq. (1.1) with F having a form like (2.5). Our main result is as follows. 
To prove the theorem, we first present the following lemma.
where assuming that r = ∞ if d = 2, and r <
where assuming that r = ∞ if d = 2, and r < 3, if d = 3.
Proof. We only show (c), since the others are similar. Note that
∆G(t − s, ·, y)v(s, y)dyds
where we used the fact
4 ds < ∞. This shows that the right side of (3.6) is finite, which completes the proof.
Remark 3.1. It follows from (3.4) of Lemma 3.1 that the Green function G is in
L 2 ([0, T ] × D) for d ∈ {1, 2, 3}. Let H be the space of all L q (D)-valued F t -
adapted RCLL processes u(t, ·). For fixed λ > 0 and q ∈ [1, ∞), define a norm · H (depending on (λ, q)) on H by
Then under the norm, H is a Banach space. Further let u ∈ H and define for Proof. From (2.11) of Lemma 2.1 and the Young's inequality for
G(t − s, x, y)σ(u(s−, y))h(s, y, z)M (dz, dy, ds),
. It follows from Lemma 3.1(c) that
(3.10)
Hence hypothesis (i) of Theorem 3.1 implies that Next we consider A 2 (u). It follows from hypotheses (ii) and (iii) of Theorem 3.1 and the Burkhölder inequality, that 
2 )ds < ∞, (where, set ρ = q/2, and r 2 = 1). (3.13) This shows that A 2 (u) ∈ H. As for A 3 (u), let q > 4. By hypotheses (ii), (iii) of Theorem 3.1, Proposition 2.1 and the Hölder inequality, we have
This shows that
On the other hand, by Lemma 3.1(a), we have for
< ∞, (by (ii) and (iii) of Theorem 3.1 and setting ρ = q/2), (3.15) since q > 4 and
Thus the proof of the proposition is complete. 
Let us define for u ∈ H,
Proof. Note that for u, v ∈ H and u 0 = v 0 ,
Without loss of generality, assume that u(s,
Further it follows from hypothesis (i) of Theorem 3.1, that
On the other hand, hypothesis (i) of Theorem 3.1 and (3.10) imply that,
Combining (3.17), (3.19 ) and (3.20), we have
Next we consider A 1 (u). By putting ρ = q/3 in the assertion (c) of Lemma 3.1, then 
Hence,
where κ 1 ∈ (0, 1) by choosing λ large enough. Let us turn to the term A 2 (u) − A 2 (v) H . The same reasoning as (3.21) shows that
(3.24)
In particular, if ρ = q/2, then the last inequality continues Now we are in the position to complete the proof of Theorem 3.1. Applying the fixed point principal on the set {u ∈ H: u(0, ·) = u 0 }, for each n ≥ 1, (2.17) has a unique solution u n ∈ H. As stated in the last paragraph of section 2, we actually get a unique local solution of the SPDE. So Theorem 3.1 is proved.
